In the framework of statistical descriptions of many particle systems, the influence of mean-field approximations on the linear response theory is studied. A procedure, analogous to one where no mean-field approximation is involved, is used in order to determine the first order response of the distribution function to the perturbation. Subsequently, the effect of the mean-field approximations is examined when formulating GreenKubo relations for transport coefficients on the deterministic Liouvillean level and the stochastic FokkerPlanck level. On the deterministic level, the Vlasov equation is employed to prove the Green-Kubo formula for the electric conductivity tensor in its well known form. One finds that the interpretation of the Green-Kubo formula is changed when applying Vlasov's mean-field approximation. On the stochastic level, the Gaussian approximation of the bead-spring model for dilute polymer solutions, including hydrodynamic interaction, is considered in homogeneous shear flow. The commonly known Green-Kubo formula for the viscosity is found to be invalid in the Gaussian approximation, and the appropriate modification to the formula is given.
I. INTRODUCTION
The complexity of many particle systems is frequently the motivation for introducing mean-field approximations so as to simplify and solve the complicated equations of motion or the time evolution equation for the probability distribution function in configuration space. In this paper, we exclusively concentrate on the statistical description and not on the trajectory-wise formulation. One is often interested in the linear response of such a system to a small external influence, starting from the equilibrium situation. The usual procedure is to calculate the first order deviation of the distribution function from its equilibrium form. This can easily be done if the statistical model equation is linear in the distribution function, as is the case, for example, in the Liouville equation. However, if the statistical model equation is not linear in the distribution function, one encounters a remarkable change on which we will focus our attention. Here we only look at the case where such a nonlinearity is introduced by the application of certain mean-field approximations. These approximations are found to affect the commonly known Green-Kubo relations ͓1,2͔, which say that the space ͑time͒ integral of the flux-flux equilibrium correlation function divided by k B T gives the corresponding steady-state transport coefficient. Before studying on an abstract level the influence of mean-field approximations on linear response theory in general and on Green-Kubo relations in particular, both deterministic and stochastic examples shall briefly be presented, with their main points outlined in order to have a concrete idea in mind when proceeding to the more general Sec. III.
II. PROTOTYPE EXAMPLES
The linear response to an external influence is studied on the level of the distribution function. The subsequent sections are valid both for the Liouville equation with reversible dynamics and the dissipative Fokker-Planck equation. The partial differential equation that governs the time evolution of the distribution function is of the general form
where L and L P are differential operators in the phase space variables x, respectively representing a time independent equilibrium operator and a small time dependent perturbation of the system.
There are several ways of introducing mean-field approximations into the operators L and L P . They all have in common that the resulting operators, denoted by M and M P ͑for mean field͒, contain averages with respect to the distribution function p(x,t). The mean-field analog to Eq. ͑2.1͒ is written as follows:
The Vlasov equation ͓3͔, which is frequently used in plasma physics, is clearly the prototype example for a mean-field approximation to the Liouville equation. For the present discussion, it suffices to consider the simplest case with only one species of N particles with mass m and charge q in the electrostatic limit. The generalization to different species of particles is obvious, and is omitted in this paper for reasons of simplicity. Vlasov's approximation, which says that any two particles are uncorrelated, leads to a partial differential equation in the coordinate r 1 and the momentum p 1 for the one-particle distribution function f ͕1͖ (r 1 ,p 1 ,t). This equation is of the form ͑2.2͒, with the following assignments for M and M P , if the interaction of the particles is only electrostatic in origin: Here, coul denotes the Coulomb potential of a point particle, and E ext is the external electric perturbation field. The phase space integral of f ͕1͖ (r 1 ,p 1 ,t) is normalized to unity. As a consequence of the Vlasov approximation, the sum of the external and an internal electric field occurs in the timeevolution equation for f ͕1͖ ͓4͔. Thus, Eqs. ͑2.3͒ and ͑2.5͒ exhibit the physics behind the Vlasov approximation: every particle ''sees'' all the others as a continuum rather than as separate particles.
The prototype example on the stochastic Fokker-Planck level is taken to be the Gaussian approximation ͓5-7͔ to a bead-spring model ͓8͔ for dilute polymer solutions. We consider the case where the polymer is modeled by only two beads connected by a spring, so-called dumbbells. On account of the nonlinearity introduced by the hydrodynamic interaction ͓5,8͔, the Fokker-Planck equation for the connector vector Q of the two beads cannot be solved analytically in nonequilibrium situations. When concentrating on the case of homogeneous, incompressible shear flow of the solvent, i.e., v(r)ϭ•rϭ(␥ y,0,0), where ␥ denotes the shear rate, and the Fokker-Planck equation for the connector vector is of the form ͑2.1͒. The assignments for L and L P are given as follows, if the connector vector force law is of the Hookean form F c (Q)ϭHQ:
denotes the frictional coefficient of the beads, ⍀ the hydrodynamic interaction tensor ͓5,8͔, H :ϭ/(4H) the fundamental time constant, k B the Boltzmann constant, and T the absolute temperature. The convention for the differential operators is such that they operate on every function to the right of them, the distribution function in ͑2.1͒ included, if not indicated otherwise by appropriate brackets.
One can try to achieve tractable equations by the application of mean field approximations. In order to improve the preaveraging ͓9͔ and the consistent averaging method ͓10͔, both of which replace the hydrodynamic interaction tensor by averages, the Gaussian approximation has been introduced. The postulated Gaussian property of the probability distribution leads to closed first and second moment equations. Furthermore, an approximate stochastic process can be defined ͓5͔. It is this process which we will study below. The Gaussian approximation leads to a mean-field-type FokkerPlanck equation with
and
The vector ␣ t is the mean value and ⌰ t is the covariance matrix of the Gaussian distribution function as obtained from the first and second moment equations. The second of the two averages in ͑2.8͒ can be interpreted as accounting for the hydrodynamic fluctuations, because it is absent in the preaveraging and the consistent averaging method. Below, it is called the ''fluctuation term,'' and will be of major importance. Equations ͑2.3͒-͑2.5͒ and Eqs. ͑2.8͒ and ͑2.9͒ constitute the two prototype examples of mean-field theories, for which we will study the linear response theory in Sec. III, and the formulation of Green-Kubo relations in Sec. IV.
III. GENERALIZED LINEAR RESPONSE THEORY
The linear response of the system to a small perturbation is determined by means of Eq. ͑2.1͒ or ͑2.2͒, respectively. The first order contributions resulting from the corresponding partial differential equation is used to find the first order deviation p 1 (x,t) of the distribution function from its equilibrium value p eq (x). However, there is a fundamental difference in this procedure depending on whether or not meanfield approximations are involved. Whereas the operator L included by definition no effect of the perturbation, this is not the case for the mean-field approximation M , because there might be additional terms due to the first order of the distribution function in the averages contained in M . This is the source of the modification of linear response theory discussed in this paper. The transition to the mean-field theory can thus be written as
where the right side of the definitions in ͑3.1͒ and ͑3.2͒ are the Taylor expansions of the operators with respect to the external perturbation up to the first order. The first order dependence M 1 of M results from the dependence on the first order contribution to the distribution function, and is therefore only implicitly time dependent, whereas the first order dependence M 1 P is directly due to the operator L 1 P , leading to an explicit time dependence of M 1 P . The latter contains at most averages with respect to the equilibrium distribution function, because second and higher order ef-fects are not included. After the mean-field approximation we have a grouping into zeroth and first order operators. The equilibrium operator is now given by M 0 , whereas the first order operator consists of two parts, M 1 and M 1 P . It is important to note that the first part stems from the original equilibrium operator L.
The equation for the first order contributions resulting from ͑2.2͒ can be transformed into an integral equation. Without loss of generality one may assume the time dependence of the perturbation operator L P to be of the Heaviside form ͑step function͒. This leads to a Heaviside time dependence of M 1 P , and therefore for the deviation from the equilibrium distribution function one finds
which can be verified by differentiation. Even though M 1 (s) depends on p 1 (x,s), and ͑3.3͒ is thus not a solution for p 1 (x,t), this form is sufficient for our purpose. It is now used to determine the deviation of an arbitrary, not explicitly time dependent function B(x), defined on the phase space, from its equilibrium value:
Using Eq. ͑3.3͒, the phase space integral in ͑3.4͒ can be replaced by a covariance or correlation function, denoted by 
͑3.5͒
The long time limit of the linear response has to be studied separately on the Liouvillean and Fokker-Planck levels. In both cases the long time behavior of the equilibrium correlation function is of primary interest. On the Liouvillean level we assume that the ergodicity holds whether the system considered contains mean-field approximations or not. Under this assumption, the correlation function in ͑3.5͒ is only nonvanishing when s approaches t ͓12͔. On the Fokker-Planck level it can be shown that the equilibrium correlation function has an exponential decay for large time differences ͉tϪs͉ if the diffusion tensor is positive definite ͓13͔, where again the system considered may or may not contain meanfield approximations. In the long time limit a stationary solution is therefore approached in both cases. If in M 1 (s), as contained in Eq. ͑3.5͒, the function p 1 (x,s) is replaced by the stationary deviation p 1 stat (x), then an appropriate variable transformation and the time translation invariance of the equilibrium correlation function lead to
͑3.6͒
Let us comment on expressions ͑3.5͒ and ͑3.6͒. If no meanfield approximation is included in the model equation considered, the operator M 1 (s) or M 1 stat , respectively, is absent. Furthermore, the application of mean-field approximations may alter the equilibrium distribution function p eq (x) as well as the equilibrium operator, which propagates the configurations between the distinct times in the correlation function, from L to M 0 . In Sec. IV we proceed to the application of this linear response theory to the two prototype examples, where we will try to establish Green-Kubo relations.
IV. APPLICATIONS A. Liouvillean level
When studying the influence of an external electric field on a group of charged particles, it is natural to look first for the linear response of the current density. Because the calculation of the ensemble average of the current density ĵ(r;r 1 ,p 1 , . . . ,r N ,p N ) is found to require only the oneparticle distribution function ͓3,14͔, a linear response theory of only the latter suffices. The current density for the N-particle system to be used with the one-particle distribution function then has the form ĵ(r;r 1 ,p 1 ) ϭqN(p 1 /m)␦(rϪr 1 ). The factor N, which represents the sum over all particles, originates from the formulation based on the one-particle distribution function, and will also appear in the following formulas. We now concentrate on the thermodynamic limit, meaning that the particle number and the volume tend to infinity in such a way that the particle density remains constant. In this case, the symmetry of the system demands that in the zeroth order of the perturbation the internal smoothed electric field, Ē 0 int (r 1 ), vanishes, and thus the proper equilibrium distribution function is found from ͑2.3͒ to be ͓3͔
where N is a normalization constant, k B is the Boltzmann constant, and T is the absolute temperature. Notice that the equilibrium distribution function ͑4.1͒ does not contain the interaction between the particles that would have occurred in the equilibrium distribution function of the unapproximated Liouville equation in the full phase space.
If a space dependent external electric field E ext (r) is switched on at time tϭ0, and the notation xϭ(r 1 ,p 1 ) is used, the linear response of the electric current density can be written according to Eq. ͑3.5͒ as follows:
where an additional ␦ function and the integration over r have been introduced in order to remove the electric fields from the correlation function. Attention should be paid to the second of the two electric fields that appear in ͑4.2͒, the first order Ē 1 int (r,s) of the smoothed internal field. Its presence is the main effect of Vlasov's mean-field approximation. Because the internal smoothed electric field vanishes at equilibrium, the sum of the two electric fields in ͑4.2͒ can be considered as the total field in the plasma, although only up to first order. Since Ohm's law, which defines the electric conductivity tensor, gives a relation between the electric current density and the total electric field ͓15͔, a comparison with ͑4.2͒ leads to the following identification for the nonlocal and noninstantaneous conductivity tensor:
͑rϪr,tϪs ͒ϭ 1 Nk B T Š͗ĵ͑rϪr;x tϪs ͒,ĵ͑0;x 0 ͒͘‹ eq , ͑4.3͒
where the translation invariance of the equilibrium correlation function has been employed. Although no space-time integration is contained in ͑4.3͒, we shall refer to the latter as the Green-Kubo relation.
In this example, the mean-field approximation does not change the formal appearance of the Green-Kubo formula. However, it changes the meaning of the conductivity tensor as follows. If the linear response theory had been applied to the unapproximated N-particle Liouville equation, the Green-Kubo formula would have been identical to ͑4.3͒ except for the factor of 1/N, the equilibrium operator, and the equilibrium distribution function. But the relation defining this nonlocal and noninstantaneous conductivity tensor would have been a relation between the current density and the external electric field only, which does not correspond to the meaning of Ohm's law. The above Green-Kubo relation seems therefore to be more meaningful in connection with the Vlasov equation rather than with the unapproximated Liouville equation.
